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Synchronization of chaos in microchip lasers by using incoherent feedback

A. Uchida,* T. Matsuura, S. Kinugawa, and S. Yoshimori
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We propose a chaos-synchronization scheme using incoherent feedback to the pumping power in two
microchip lasers. The population inversion of the slave laser is controlled for synchronization by using the
detected signals of the peak heights of chaotic pulse intensities in the two lasers. Matching of the optical
frequencies between the two lasers~i.e., injection locking! is not required for synchronization using this
method. We numerically demonstrate the incoherent feedback method and investigate synchronization regions
against parameter mismatching between the two lasers. Synchronization is maintained within a mismatching of
1% for all laser parameters, which implies that the difficulty in reproducing the synchronized laser pulses is
very useful for applications of secure optical communications.

DOI: 10.1103/PhysRevE.65.066212 PACS number~s!: 05.45.Xt, 42.65.Sf, 05.45.Vx, 05.45.Gg
e
th
ca
in
at

ic
o
y
e
to

of
la

o
th
g
e

tio

e
e
e-
e

ain
s
on
f

iz
ng

s

his
ser
ent
ect
nts

tion
cal
-
he

za-

os
the

ith

pen-
the

ster
out
hen
the
cy.

sfies
ef-
ion
ure

l
p-
e-
d to
sers.
nd
to
ec-
not
m-
I. INTRODUCTION

Optical encryption systems using laser chaos have b
intensively investigated to guarantee higher privacy than
obtained with conventional cryptograph systems for appli
tions of secure communications. A variety of signal mask
methods for chaos communications have been demonstr
such as chaotic masking@1–3#, chaotic modulation@4–7#,
chaos shift keying@8–10#, and chaotic on-off keying@11#.
One of the most important techniques for chaos commun
tions is synchronization of chaos to share the same cha
waveforms between the transmitter and the receiver. S
chronization of chaos in one-way coupling schemes has b
intensively investigated in recent years for semiconduc
lasers@12–16#, gas lasers@17,18#, solid-state lasers@19,20#,
and fiber lasers@21,22# by experiment. There are also a lot
numerical studies of synchronization of chaos in various
sers@23–31#.

A general method for achieving synchronization of cha
in lasers is coherent optical injection from the master to
slave laser@12–16,19–31#. It has been believed for a lon
time that all the laser parameters should be precis
matched between the two lasers for chaos synchroniza
However, it has recently been reported@20# that the principle
of chaos synchronization in lasers is based on the regen
tion of chaotic waveforms in the cavity of the slave las
through the injection-locking effect, where the optical fr
quencies of two individual lasers can be perfectly match
when the frequency difference is set to within a cert
injection-locking range@32#. Moreover, there exist two type
of chaos synchronization in semiconductor lasers: injecti
locking-type synchronization~which requires matching o
optical frequencies! and perfect synchronization~which re-
quires matching of all the internal parameters! @24–26#.
Most of the experimental observations of chaos synchron
tion in semiconductor lasers correspond to injection-locki
type synchronization@12–16#. These investigations imply
that matching of all the laser parameters is not alway
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necessary condition to achieve chaos synchronization. T
feature derives from the specific characteristics of la
chaos, where there are two different dynamics at differ
time scales. Chaotic oscillations that we can directly det
with photodiodes correspond to slow envelope compone
of laser oscillations at frequencies of 103–109 Hz ~depend-
ing on the relaxation oscillation frequencies!. There is also a
much faster frequency component of 1014 Hz as an optical
carrier. Therefore, the achievement of chaos synchroniza
is strongly dependent on the matching of the fast opti
carrier ~i.e., injection locking!, not the matching of the cha
otic slow envelope component under certain conditions. T
injection-locking effect is essential to achieve synchroni
tion of chaos in laser systems.

From the security point of view, the robustness of cha
synchronization against parameter mismatching between
two lasers is very important to prevent synchronization w
unauthorized lasers by eavesdroppers@4,20,30#. However,
chaos synchronization in solid-state laser systems is de
dent on the matching of optical frequencies, not on
matching of other laser parameters@20#. Therefore, it would
be easy to reproduce the chaotic wave forms of the ma
laser in the transmitter by using unauthorized lasers with
knowing the parameter values of the master laser, w
eavesdroppers can achieve injection locking between
master and their own lasers by tuning the optical frequen
Thus we need a chaos-synchronization method that sati
the conditions of independence of the injection-locking
fect and narrow parameter regions for synchronizat
against parameter mismatching, for applications of sec
communications.

Moreover, this ‘‘coherent’’ ~dependent on the optica
phase or frequency! synchronization scheme cannot be a
plied to conventional optical communication systems, b
cause recent optical communication systems do not nee
match the optical phase between the master and slave la
Amplitude modulation of the laser intensity is used to se
digital bits, and only intensity information is transmitted
the receiver to achieve signal decoding. Therefore, it is n
essary to develop a synchronization technique that is
dependent on optical phase for applications of optical co
munications.
©2002 The American Physical Society12-1
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One of the solutions for these issues is to construc
chaotic generator induced by an ‘‘incoherent’’~independent
of the optical phase or frequency! signal. Chaotic oscillations
can also be generated by the feedback of laser intensities
only by electrical fields including optical phase. Chaotic o
cillations generated by incoherent feedback signals h
been reported in semiconductor lasers using polarizat
rotated optical feedback@33–36# and optoelectronic feed
back @37#. Synchronization of chaos can also be achiev
between these two incoherent chaotic generators@38,39#, be-
cause the two injection signals for generation and synch
nization of chaos are identical incoherent signals. Theref
this method cannot be applied to synchronization of conv
tional coherent-feedback-induced chaos whose dynamics
strongly dependent on the optical phase of the injected si
and lasing field.

In this study, we propose a chaos-synchronization met
using incoherent feedback to achieve a synchronization
is independent of the injection-locking effect and that sa
fies narrow parameter regions for synchronization against
rameter mismatching, for applications of secure optical co
munications. Our technique is different from th
conventional incoherent method proposed in Ref.@17#. In
our scheme, we detect two signals of the laser intensity
the master and slave lasers simultaneously, and calculat
amount of feedback-control signal from the subtraction
the two detected signals. The feedback is applied to
pumping power of the microchip laser in the slave las
Thus we synchronize chaotic dynamics ofpopulation inver-
sion in the two lasers by using the feedback signal calcula
from the detected laser intensities. We numerically dem
strate the synchronization method in two microchip lasers
a one-way coupling scheme, and investigate synchroniza
regions against parameter mismatching between the two
sers. The principle of synchronization in this method can
applied not only to microchip lasers but also to other chao
laser systems.

II. MODEL

A. Rate equations

We use the scaled Tang-Statz-deMars equations@40# in-
cluding the spatial hole burning effect to describe the dyna
ics of two Nd:YVO4 microchip lasers with loss modulation
The rate equations under single-longitudinal-mode opera
are as follows@20#:

dn0,m

dt
5wm2n0,m2S n0,m2

n1,m

2 DEm
2 , ~2.1!

dn1,m

dt
52n1,m1~n0,m2n1,m!Em

2 , ~2.2!

dEm

dt
5

Km

2 F S n0,m2
n1,m

2 D21GEm

1
Km

2
mmEm cos~Dmm!, ~2.3!
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d~Dmm!

dt
52pt f D,m2

Km

2
mm sin~Dmm!, ~2.4!

dn0,s

dt
5ws2n0,s2S n0,s2

n1,s

2 DEs
2, ~2.5!

dn1,s

dt
52n1,s1~n0,s2n1,s!Es

2, ~2.6!

dEs

dt
5

Ks

2 F S n0,s2
n1,s

2 D21GEs

1
Ks

2
msEs cos~Dms!, ~2.7!

d~Dms!

dt
52pt f D,s2

Ks

2
ms sin~Dms!, ~2.8!

wheren0 andn1 are the space-averaged component and
first Fourier component, respectively, of the population
version density with spatial hole burning normalized by t
threshold value.E is the normalized amplitude of the lasin
electrical field.Dm is the phase difference between the lasi
and feedback electrical fields. The subscripts m, s indic
the master and slave lasers, respectively.w is the pumping
power scaled to the laser threshold.K5t/tp , wheret is the
upper state lifetime of population inversion andtp is the
photon lifetime in the laser cavity.m and f D are the loss-
modulation amplitude and frequency, respectively, caused
an acousto-optic modulator~AOM!. Time is scaled byt. We
used the fourth-order Runge-Kutta-Gill method to integr
these equations.

During the calculations, we set the parameter values
the Nd:YVO4 microchip lasers as follows: lasing waveleng
of 1064 nm, cavity length of 1.0 mm, refractive index of 1.
and reflectivities of the cavity mirrors of 99.8% and 99.1%
1064 nm. From these values, the photon lifetime in the c
ity is calculated astp51.15 ns. The fluorescent decay tim
of the upper laser level is set tot588.0 ms; thusK5t/tp
57.673104. When the pumping power is set atw51.7, the
corresponding relaxation oscillation frequency is 419 kH
To generate chaotic oscillation in a loss-modulation syste
we set the modulation amplitude atm50.004 and the modu-
lation frequency atf D5700 kHz. Chaotic pulsations are ex
pected to appear in the single-longitudinal-mode operation
microchip lasers@20#. All the laser parameters are set to b
identical between the master and slave lasers except for
tial conditions.

B. Incoherent feedback method

To synchronize chaotic temporal waveforms, we propo
an incoherent feedback method. Figure 1 shows the con
of the incoherent feedback method for chaos synchroniza
in microchip lasers. Chaotic pulsations of the output are g
erated in two microchip lasers with two AOMs in single
longitudinal-mode operation, and the outputs of the two
2-2
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SYNCHRONIZATION OF CHAOS IN MICROCHIP . . . PHYSICAL REVIEW E 65 066212
sers are independently detected by two photodiodes.
peak heights of the pulses are stored in memory and use
calculation in a computer. When the duration between
two pulses is within a certain timeTth and the difference of
peak heights is within a certain valueEth , a control signal is
applied to the pumping power of the slave laser for a cer
durationTc just after the later pulse. The value of the cont
signal is proportional to the difference between the pe
heights of the square root of the laser intensities~i.e., elec-
trical field E5AI ). This control procedure is described
follows:

ws5ws,01G~AI p,s2AI p,m! for Tc

if uTp,s2Tp,mu,Tth and uAI p,s2AI p,mu,Eth

~2.9!

wherews is the pumping power of the slave laser as sho
in Eq. ~2.5!, ws,0 is the constant pumping power,G is the
feedback gain,I p,s and I p,m are the peak heights of the de
tected chaotic pulses in the slave and master lasers, andTp,s
andTp,m are the measured times corresponding to the p
peak in the slave and master lasers, respectively.

This synchronization method seems to be similar to
occasional proportional feedback method for controlli
chaos@41# or the continuous control method for chaos sy
chronization@42#, where the difference between two chao
signals is fed back to one of the chaotic systems. Howeve
our method the difference of peak intensities between
lasers is fed back to the dynamics of population invers
which is a different variable from the detected signal of la
intensity. In laser systems, one can detect only one vari
of laser intensity that is proportional to the square of
electrical field (I 5E2). Thus, we feed back the detected s
nal of the laser intensity to the population inversion
achieve ‘‘incoherent’’ feedback, instead of the feedback

FIG. 1. Model of incoherent feedback method for chaos s
chronization in microchip lasers: AOM’s, acousto-optic modulato
BS’s, beam splitters; G, electronic amplifier for gain; IS’s, optic
isolators; L’s, lenses; LD’s, laser diodes for pumping; M’s, mirro
MCL’s, microchip lasers; PD’s, photodiodes; and T, time delay.
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the electrical field including optical phase as a ‘‘coheren
feedback.

C. Principle of synchronization

The mechanism of synchronization using the incoher
feedback method can be explained as matching for the
namics of population inversions estimated from the pe
heights of chaotic laser intensities. It should be noted t
there is a linear relationship between the peak height of e
trical pulsations and the decrease of population invers
Figure 2~a! shows the temporal waveforms of the populati
inversion and the electrical field in a microchip laser. In t
case of single-mode microchip lasers, chaotic pulsations
the electrical field are obtained when the population inv
sion suddenly decreases. Figure 2~b! shows the relationship
between the amount of decrease of population inversionDn0

and the peak height of the electrical fieldEp (5AI p). The
relationship betweenDn0 andEp can be approximately de
scribed as a simple linear equation,

Dn05A3Ep2B, ~2.10!

whereA andB are positive constant values. This relationsh
implies that one can estimate the amount of decrease o
population inversion from the peak height of the electric
field. The coefficientsA and B are dependent only on th

-
;
l
;

FIG. 2. ~a! Temporal waveforms of population inversion an
electrical field in a single-longitudinal-mode microchip laser.~b!
Relationship between the amount of decrease of the population
versionDn0 and the peak height of the electrical fieldEp in ~a!.
2-3
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FIG. 3. Temporal wave forms of two lase
outputs~a! without and~b! with feedback control.
~c! Feedback signal to the pumping power in~b!.
~d! Correlation plots between two laser outpu
in ~b!.
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ratio of the lifetimesK5t/tp , not on the other parameter
w, m, and f D according to our calculations.

Indeed, there is also a linear relationship between the
ference ofDn0 between the two lasers and the variation
the pumping powerDws,

Dn0,s2Dn0,m5C3Dws, ~2.11!

whereC is a positive constant value. We found that the c
efficient C is proportional tow21 (w: is the pumping
power!. From Eqs.~2.10! and ~2.11!, we can control the
variation of the population inversion by changing the pum
ing power as follows:

Dws5G~Ep,s2Ep,m!, ~2.12!

whereG is the feedback gain. This equation corresponds
our control procedure as shown in Eq.~2.9!. The feedback
gainG is dependent on the internal laser parametersK andw,
not on the modulation parametersm and f D . WhenDws is
changed by using Eq.~2.12!, the difference of the population
inversions in the two lasers can be eliminated. Therefore,
principle of this method is based on the synchronization
the dynamics of the population inversion by controlling t
pumping power of the microchip lasers using the pe
heights of chaotic electrical fields.

III. NUMERICAL RESULTS

A. Synchronization of chaos

We synchronized chaos in two microchip lasers by us
our incoherent feedback method. The control parame
used were G50.810, ws51.70, Tc51.00 ms, Tth
51.00 ms, andEth52.00 ~normalized!. The feedback gain
was calculated from the values ofA50.009 103, B
06621
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50.004 534, andC50.011 24 in Eqs.~2.10! and ~2.11!,
which are obtained from our numerical calculations.

Figure 3 shows temporal waveforms of two laser outp
~a! without and~b! with feedback control; Fig. 3~c! shows
the feedback signal to the pumping power in~b!, and Fig.
3~d! plots the correlation between the two laser outputs
~b!. Chaotic pulsations are individually obtained and there
no linear relationship between the outputs of the two las
without the control signal@Fig. 3~a!#. When feedback contro
is applied to the slave laser, synchronization of chaotic p
sations is achieved as shown in Fig. 3~b!. We found that the
feedback control is necessary all the time for maintain
synchronization@Fig. 3~c!#. A linear correlation is observed
under the feedback control for synchronization as shown
Fig. 3~d!. From these results, we see that we achieved s
chronization of chaos using our incoherent feedback meth

B. Characteristics of synchronization

To evaluate the quantitative accuracy of chaos synchr
zation, the variances2 of the normalized correlation plo
from a best-fit linear relationship is defined as follows@20#:

FIG. 4. Accuracy of chaos synchronization~variances2) as a
function of feedback gainG.
2-4
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FIG. 5. Accuracy of chaos synchronizatio
~variances2) as a function of parameter mis
matching:~a! pumping powerw, ~b! ratio of life-
time between the population inversion and ph
ton K5t/tp , ~c! modulation amplitudem, and
~d! modulation frequencyf D .
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N

~ I i ,m2I i ,s!
2, ~3.1!

where N is the total number of samples of the tempo
waveforms;I i ,m and I i ,s are the normalized intensities of th
master and slave lasers at thei th sampling point. A smaller
variances2 implies higher accuracy of chaos synchroniz
tion. We define a synchronization region where the varia
s2 is satisfied to less than 1022.

We investigate the characteristics of chaos synchron
tion when the feedback gainG is varied. Figure 4 shows th
accuracy of synchronization~variances2) as a function of
the feedback gain. The synchronization can be achieve
wide ranges of the feedback gain fromG50.5 to 1.2. There-
fore, we found that the feedback gain is not a sensitive
rameter to achieve chaos synchronization.

We quantitatively investigated chaos-synchronization
gions against parameter mismatching for various internal
rameters in the two microchip lasers. One of the parame
in the master laser was fixed and the corresponding par
eter in the slave laser was slightly shifted. Other parame
were set to be identical for the two lasers. Figure 5 shows
accuracy of synchronization~variances2) as a function of
parameter mismatching of~a! the pumping powerw, ~b! the
ratio of lifetimes between the population inversion and ph
ton K5t/tp , ~c! the modulation amplitudem, and ~d! the
modulation frequencyf D . We found that the synchronizatio
is easily destroyed when the parameter mismatching is
creased by more than 1% for all the laser parametersw, K, m,
and f D . The synchronization regions obtained by our inc
herent feedback method are much smaller than those
tained by the coherent optical injection method@20#. Since
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the same dynamics of population inversions between the
lasers are required in this method, all the laser parame
must be carefully matched to each other for precise sync
nization. These results imply that the difficulty in imitatin
synchronizing lasers is greatly increased by this meth
which might be useful for applications of secure optical co
munications.

IV. CONCLUSIONS

We numerically demonstrated a chaos-synchroniza
scheme using incoherent feedback in two microchip las
The feedback control is applied to the pumping power of
slave laser by using a signal proportional to the differen
between the peak heights of electrical fields~square root of
laser intensities! in the two lasers. Synchronization of chao
is achieved under a wide range of feedback gain from 0.5
1.2. However, the achievement of accurate synchroniza
requires precise matching of each laser’s internal parame
to within 1%, because the dynamics of population invers
must be carefully matched by controlling the pumpi
power.
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